Journal of Engineering Mathematics 20 (1986) 189-201
© Martinus Nijhoff Publishers, Dordrecht — Printed in the Netherlands

A cartesian-tensor solution of the viscous
creeping-motion equations

R. NIEFER * and P.N. KALONI

Department of Mathematics, University of Windsor, Windsor, Ontario, Canada

(Received January 22, 1986)

Summary.

A solution to the viscous creeping-motion equations is developed, using cartesian tensors. The solution is
motivated by the form of the boundary conditions of the problem and is, therefore, easily applicable to
situations where the boundary conditions are expressible in cartesian-tensor form. Several illustrations of the
method are given to show how the solutions for the pressure and velocity components can be constructed,
directly and easily, from the general solution.

1. Introduction

In studying the rheological properties of suspensions, colloidal systems and polymer
composites we often need solutions of the viscous creeping-motion equations. If we limit
the discussion to steady, incompressible motion of such fluids, then it turns out that the
equations determining the velocity vector and the pressure become linear partial differen-
tial equations. As a result, a good variety of solutions of such equations applicable to
different dimensions is available. Basically these solutions fall into three main categories,
as has been summarized by Happel and Brenner [1]. The first method is that of Lamb [2],
which uses spherical harmonics and which involves Legendre and associated Legendre
polynomials. This method, though quite general in itself, becomes quite cumbersome in
certain cases, because of its extreme generality. The second method uses a stream-func-
tion technique which can be used only for two-dimensional problems and for those
three-dimensional problems that exhibit some type of axial symmetry. Finally, we have
the singularity method, first originated by Lorentz [3], which, though easy to apply,
requires much guesswork to determine the appropriate singularities necessary to solve a
particular problem.

Most of the fluid-flow problems commonly encountered can be solved by at least one
of the above methods. In many instances, however, the boundary conditions are presented
in a fashion that is not readily translated to a form that is directly applicable to any of
these methods. It is well-known that certain types of auxiliary conditions are appropriate
only to certain corresponding types of partial differential equations. For example,
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problems of potential theory lead to Dirichlet’s problem and are, therefore, appropriate
for elliptic equations. In the literature, sometimes the boundary conditions are given in a
cartesian-tensor from which cannot always be easily put into a form that is usable for any
of the methods mentioned above.

The purpose of this paper is to develop, partially, another form for the general solution
of the viscous creeping-motion equations, based on the use of cartesian tensors. The
solution thus generated will be directly applicable to problems for which the boundary
conditions are given in cartesian-tensor form and to those that can easily be written in
this manner. In the present work, use will be made of arbitrary, spatially constant,
second- and third-order tensors to generate the solution. The solution so obtained will be
applied to a number of problems to illustrate its simplicity and usefulness. Even though
the problems considered at present involve a particle of spherical shape, further applica-
tions of the method, to take into account other shapes, will be considered in a future

paper.

2. Development of the solution
We consider the flow field satisfying the creeping-motion equation, or Stokes equation,
wtu=vp, (1)
and the continuity equation
v -u=0. (2)

Here u is the velocity field, p the pressure and p the dynamic viscosity. We assume that p
contains any conservative extraneous body forces that may be present in the system. It is
well known that solving the above system is equivalent to finding solutions of the
equations

vip=0, (3)
viu=vp, (4)

where p = 1~ 'p, and subject to the constraint that u, once determined, must be restricted
so that the continuity equation (2) is satisfied.

In order to generate solutions which will involve spatially constant second- and
third-order tensors a;; and b, ;, respectively, it is necessary to determine the scalar
invariants involving these tensors in combination with the position vector r. Such scalar
invariants linear in a,; and b, are:

Qs €70y X, A XiXy, bimmXis  DmimXi>  BumiXis

b XXXy (5)
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Hence a general form for p(r) is assumed to be

p(r)=H(r)a, + H'(r)e¢, @y, x; + H*(r)b,

+H3(r)bm1mx1+H4( ) mmiX 1+H( )al_] iXj
+H6(r)b,-jkx,-xjxk (6)

where r = (x,x,)"/%
Since a;; and b, , are general tensors, the function H?(r), in order to satisfy (3), must
satisfy an equation of the form

:—rzm(mw——l 9 pr(ry=6(r) )

where n is the dimension of the Euclidean space, m is the order of the coefficient tensor,
and G(r) is either a known function or zero. We shall here given solutions for n = 3 and
at the end mention will be made of the special changes necessary for the case n = 2. Thus,
for the function p(r) it is found that

1 1
H(r) = ——Air "+ 4r~ "D+ 45— — 437,

HY (r)=Ar "+ 4,

1
HZ(r)_ —+2A6 —(n+2)+A2 —n+A2 n+2Agr
H3 — 1 A6 —(n+2)+A3 —n+A3_ 1 A6 2
(r)=——"34 —4
1
H4(r) = — _+7A _("+2)+Afr"' +Ag - —n n 2Agr2,

H(r)=A4ir "2+ 43,
HO(r)=ASr="*9 + A5, (8)

where Aj are arbitrary constants.
From equations (4) and (6) the general form for the velocity component in the
direction x, is given by

u,(r) = h)(r)a;x p+h (r)e nar,x:x, +h2(r)epjkakj

+h%(r)bimmxixp+h2(r) pmm+h3(r) mim* i p

+h2( ) mpm+h4(r) mmtxlxp+h2( ) mmp
+hf(r)aux,xjxp+h5( )apjxj+h3( )a,,x;

+hS(r r)b;jx;x X;XpX, +hS(r)b jkxjxk+h§(r)bjpkxjxk

+ho(r)by,xx,. 9)
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Substitution of (9) and (6) in (4)v requires that the functions h7(r) satisfy the following
differential equations:

d? +2m+1 d
L0+ T () = (), (10)

’
where p€ {0,1,2...6} and g=1, and

d? n+2m-3 d
2t g () =al), (11)

where g+ 1, p€ {0, 1, 2...6}. In the above, n and m are again the dimensions of the

space and orders of the coefficient tensors a;; and b, ,, respectively, and g,(r), g,(r) are
either known functions or zero. The solutions for equations (10) and (11) are given by

A5+nA5)r2
0 - _ 5. —(n+2) 0.—n_y4 1 40.2-n 0_ ( 2 4
hy(r) ————+2A 3 +ASr7" + AT+ A ——n(n+2) ,

Ri(r)=Asr~ "D 4+ 347" + 4,

24,
Ry (r) = —lA1 rT AT A+ A2 =24, r,
2n
A+ (n+2) 45
2 = 1A2 —-n +A2 4 2
filr) 4 v (n+2)(n+4)
5 1 6 —(ns2) A+2(n+2)(43+48) _
(r) = e A3 =
(n+2)(n+4) 2n(n+2)
APy 42 4 A§—2(A§+A2) P2 — Ag—2Aﬁ 4
> ¢ 2n 2n+2)(n+4)
A5+ (n+2)45
3 - _ —(n+4) A3 (n+2)+ A3 -n +A3 2
Hilr) A A ? Tt 2)(n+d)
K(r) = ) AS+2(n+2)( A3+ 45) _,
(n +2)(n+4) 2n(n+2)
A3 -2( 45+ 45) AS— 245
3,2-n 3 2 4 6/ 2 _ 2 4 4
tAT A Aot 2n T T An+2)(n+a)

A5+ (n+2) 48
Yp) = ——— A gD L L g0y g 4,2
hi(r) +4A + Asr + —_(n+2)(n+4)
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s )2_1__ Gr_("”)_Af+2(n+2)(Ag+Ag) _
g (n+2)(n+4)7° 2n(n+2)
4, 4 6
patprony oy UL AY) —245
i ¢ 2n 2(n+2)(n+4) °
R (r)=A3r "D+ 1437 4 45,
245
——_A5 —(n+2)+A5 —n+A5 ____—42
m(7) n+2 2(n+2)
A5 —245r
- _ p(n+2) 5 —n 5 2 4
h3(r) ———+2A + Aor +A8+—2(n+2) ,
RS(r) = ASr= (40 = 148,49 4 46
6
( )_ A6 —(n+4)+A6 —(n+2)+A6 2A4 2
( +a) "
AS— 248
— A6 —(n+4)+A6 —(n+2)+A6 4 2
H(r) An+a)
— 248
— A6 —n(n+4)+A6 -(n+2)+A6 4 2 12

Substitution of (9), using (12), in (2) gives rise to a set of differential equations of the
form

rac—lr-h{’(r)+(n+m)h{’(r)=g3(r) (13)

where n, m are as before and g,(r) involves hi(r) for g+ 1 and their derivatives. This
set of equations when solved impose the following restrictions on the AT

A7 = ~2(n+2)( A5+ 45+ 45),
345= —(n+1)(n+6) 45,
245=—n(n+4)43,

4= -4,

A} = —2(2—n) 4},

Aj=—(n—-1)(n+2)A4}+245, - n(4§+48),
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A= -2(2-n)Al,
A= —(n=1)(n+2)A45+245 —n(4$ + 45),
A?=—2(2—n) A},
A= —(n—=1)(n+2)A3+245—n(A5+45),
Aj=-20Q2 - n) 4,

Ay=—(n=1)(n+2) 4,

ndy= — (43 + 43). (14)

When the changes indicated by (14) have been made in (8) and (12), the functions H(r),
h?(r) for n =3 are as follows:

1 1
H(r)= - ;Afr'" + A5 - ;Agrz,
H'(r)=Air"+4,
H(r) =2 A5+ A5+ AQ)r~ "D + Afr ™" + A — — 5 A3r?,

1
H(r) =2 A3+ A5+ 48)r™ "D+ A" + Ay — — = A3,

1
HY(r)=2( A5+ A5+ A5)r "D+ Afr ™"+ 43~ - ASr?,
H(r)=A5r~ "2+ 45,

Hé(r) = —2(n+2)( A5+ A5+ 45)r "+ + 45,

hY(r )——--—A5 ‘(”+2)+A° ‘"—Az:Ag - n(nl+4)A2r ,
R(r)=Ar 0D+ 34" - _——(n—l)l(n+2) AL
() = = Ay AT A T
h ( )-——-—A6 —(n+4)+A2 —(n+2) 4 A2 —n
A3 =245+ n( A5+ 4%) nA® X (15)

(n—1)(n+2) T A D)(n+2)(nt6)
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1 _ 1 _
2 A D (A5 A AT AT+ A
B0 = Gy D g A
(n+1)(A3—245) +2( A5+ 45) , n+3 464
r - b
2(n—1)(n+2) 20n+1)(n+2)(n+6)"°

3_19.46 6 6
h3(r) — __1A6r—(n+4)_+_A3r—(n+2)+ 143" - A3 2A8+n(A6+A10)
N aat ’ : (n—1)(n+2)

nAS )
Tt D)(n+2)(nt6)

1 1 _ 1 -
= A5 P —(ASH AG— AR e AT+ A
ra(r) (n+2)(n+4) : ( S+ A5 43) 2(n-2)"" 6
(n+1)(A§—2A§)+2(A2+Af0)r2_ n+3 65
2(n—1)(n+2) 2An+1)(n+2)(n+6)" 2’
6 46
KA (r )——A6 S 4 A=) L g =245 +n( 4G + 45)
(n=1)(n+2)
nAS 5

Tt D(n+2)(n+6)

1
ASrm D o — (A + A5 — AS)

oy 1
ha(r) = (n+2)(n+4)

4 6 6 6
N 1 PRI (n+1)(A43—245) + 2( 45 + 45)
2(n-2) 2An—-1)(n+2)

2

_ n+3 4Ept
2n+D)(n+2)(n+6)" %

2
W = A3+ L 1 45, (n+2) _ 5
1(") 3r 3Ar —n(n+4) 5
+2
__._A5 —("+2)+A5 —n+A5 n A5 2,
1) 2n(n+4) 27
+2
— A5 —-(n+2) __ A5 —n+A5+ n A5 2
3( ) 114 8 _“”—2"("+4) 2re,

3 6

$(r) = ASr=+O — (n+ 2)(AS + AS + AG) r~ (9 — T
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1 n+3

Bo(r) = — ASp=(nt® o 46, —(n+2) | 46 4 AS
2(7) n+473 s ¢ 2An+1)(n+6) 2
+3
- A6 Tt g gEpm(nE Dy g6y h 48
P(r) = 2n+1)(n+6) 2
+3
_ A6 S(nhd) 46, ~(n+2) 4 g6 4 h ASr2. 15
Halr) 2n+1)(n+6) 2 (15)

The functions H”(r) and hJ(r), as given in equations (15), are valid in three-dimen-
sional Euclidean space. However, for the special case of n =2, the functions presented
above are still valid, provided that certain minor changes are made. The necessary
changes in equations (15) are

- 1
P odnr, ———— A > A4S

2(n—2)""
where s € {1, 2, 3, 4}.
Equations (6) and (9) together with (15) constitute the general solution of the Stokes
equations (1) and (2). Once the boundary conditions for a specific problem are pre-
scribed, the corresponding general solution is easily generated from these equations. We

remark that these solutions are not complete to the same degree as those of Lamb [2]. In
the next section we shall illustrate their usefulness.

3. Illustrations

In the present section we consider some applications of the method.
(i) We first consider the Stokes flow for a uniform free stream past a solid sphere. With

no loss of generality the boundary conditions can be written as

Po=Po» Uy=Ue;, u=0 on r=1, (16)
The cartesian-tensor forms for these boundary conditions are

P =0y U =6€5,;, w,=0 on r=1, (17)
where we have assumed

a,=po, an="U, a;=0 otherwise,

b =0  forall i, j, k. (18)

From (17), it appears that the most natural choice for the coefficients in (15) is

AT=0 except when m =0, 1. 19)
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Substitution of (15), using (19), in (6) and (9) gives
)4 =A(2)ai,- + (Air“3 + Alz)e,-jkaij,-,
u, =Agr_3ai,.x, + (Al3r"5 + %A%f3 - %OAlz)e,-jkaij,-x,
+(-—%A13r_3+ AT+ AL+ %Alzrz)e,jkakj. (20)
In order for (20) to agree with the boundary conditions (17) it is necessary to choose
A3=1, A5=0,41=-3, 4,=0,

A=3 A =1 (21)

F (%)

The required solution thus becomes
p=pu+(—3r77)Ux;,
w=(3r 7 =3 ) Uy, + (—ar 7 = 3r7 '+ 1)U8,;. (22)

With the pressure and velocity components known, other quantities of interest, such as
drag, etc., can be easily calculated. We also point out that solutions when the free stream
velocity is of the form u_ = Uje; + Use, can be easily obtained by superposition of the
solutions obtained in the above manner.

(i1) We next consider the linear shear flow past a solid spherical body. The boundary
conditions in the cartesian-tensor form can be written as

P = 0’ Uiy = a[jxj’
w=13(a,~-a;)x;, on r=1. (23)

The proper choices for the tensors a,; and b, in this case are

a,=0, b,=0 forall i, j, k. (24)

ij

Consequently, the appropriate choice for the coefficients in (15) is
A'=0 except when m =S5,

With this choice, the pressure and velocity vector in (6) and (9), become, respectively,
p= (Afr_5 +A52)a,-jx,~xj,
u=(3A43r° - R A5+ Ar77)a, XXX+ (;%gAgr2 —1A3r 7P+ A3+ Ag)a,jxj

iy

+(4%A§r2—%Agr_S—Agr_3+Ag)aj,xj. (25)
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The solution (25) will satisfy all the boundary conditions (23) if

A1=S5, A3=0=A1=4;, A3=3, A;=1. (26)
Equations (25) and (26) thus give the required solution as

p=- 5r_5a,.jxixj,

w=3(r""=ra;xxx,+ (=37 + )a,x,+ (- %r_S)aj,xj.. (27)

We again point out that solutions when the shear flow is in another direction can be
obtained in the above manner. One could also obtain the solution when the shear flow is
acting simultaneously in different directions.

(iii) We next consider a quadratic or a paraboloidal flow past a sphere which is centred
at the origin. We point out that the solution for an off-centred quadratic flow is
equivalent to the centred flow superimposed on a uniform flow plus a shear flow. The
boundary conditions for the quadratic flow are

Do =4kx;, u,=k(x*+y*)e;, u=0 on r=1 (28)

where k is a constant. These boundary conditions can be written in suitable cartesian-
tensor forms as

Poo =2bimmXis U =bx;x,, ;=0 on r=1. (29)
The appropriate choices for the tensors a,; and b, are found to be

a;;=0, byy=byy=k, b, =0  otherwise. (30)

ij=
From (29), the natural choice for the coefficients in (15) is

A7 =0 exceptwhen m=2,6. (31)
Substitution of (31) in (15), and thence in (6) and (9), yields

p=[A2r3+ A3+ 2( A5+ A5+ AS)r° | by,

+[ A4S — 10( A5 + 45+ 45)r 77| byax,x %, (32)

u,= [%Afr‘3 + A~ 3487 — A3 248 + 3( A5+ AS) - &Agrzl bipumXi X,

+[ 3427t + AL+ s ASr T+ 3 (A5 + 45— 43)r
+ 35 {4( 43— 245) +2( A5+ 45)} r* - $A45*] bipyrm

+[A8r° — 5(AS + A8 + A§)r™T — B AS] b jxx; %X,
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+ [ —1ASrTT+ ST+ AL+ ll—zAgrz] by XX

+[=3ASrTT AT A+ A5 biyx X,
[ ASr 7+ A8 _5+Af0+%Agr2]bjk,xjxk. (33)
The general solutions (32) and (33) will satisfy the boundary conditions (29) provided
Af=—3, A3=2, Ai=3}, A;=0, Aj=F, Ai=-j3,

Ab=1, A5=3, AS=-1, AS=3, A5 =1 (34)

oolLn

Hence the required solution becomes

p=(—%r_3+ 5+2)b +(_%r_7)b1jkxxxk’ (35)

tmm l

mm-Ti

1,.-3 4, 3,-5_ 5 -7 1,-1,1.-5_, 7 -3
u,=(—zr +gr - gr )b xx,+(zr +§I' +'2zl' )blmm
35.,-9 _ 35,7 s -7 3.-5
+(—8—r —Zr )b,-jkxxxkx,+(~gr —3r +1)b,jkxjxk

+(=3r7+3r7° - 1)bj,kxjxk + (=37 =37 )by x;x, (36)
We point out that the present solution agrees with Simha [4]. Moreover, the solution for
quadratic flows in the other direction can be written down easily by the above approach.
(iv) As a final illustration we consider the slow uniform flow of an incompressible
viscous fluid past a fluid sphere. This flow is similar to the one discussed in (i) except that
now we have a fluid sphere and, therefore, the boundary conditions at the surface,
assuming it remains spherical, will be different. Thus, if we distinguish the fluid inside
and outside of the spherical drop by appending the superscripts / and e, respectively, the
boundary conditions can then be written as

(e) — =
Ujs = €3125 = UBy3,

49 remains bounded at r =0,
ux,=uPx,;=0 on r=1,
uf® —ulxx,=u? —ux,x, on r=1, (37)

and

t,(f)xj — 1%, x,x; = t,-(;)xj —t0x, x,x, on r=1.
It should be pointed out that the third, fourth and fifth conditions in (37) represent the

continuity of the normal component of the velocity, the tangential component of the
velocity and the tangential stress on the surface, respectively,
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From (37) it appears that the appropriate choice in (15) is 47 = 0 for all except when
m=1, a5 = U, a;;=0 otherwise, and b,;, =0 for all i, j, k. Thus, we write

pe= (A%r"3 +A12)Ux3,
ul® = (A13r_5 + 34873 - %6A12)Ux3x,+ (—%Agr'3 + 345+ AL+ %Aler)U8,3,
(38)

with similar expressions for the fluid inside the drop. In particular, we replace A™ by B}
for the fluid inside the droplet and write

p= (B}r_3 + B%)Ux3,
ul = (B;FS +3Bir - %GB%)Ux3x, + (— iBIr 3+ iBlr '+ Bl + %B51r2)U8,3.
(39)
In order that (38) and (39) satisfy the boundary conditions (37), it is necessary that
A43=0, Ay=1, B}=B}=0, 345+4}+1=0,
Bl+4iBi=0, 14,14 -1= -5~ 1B},

3,
2u4L = i‘—OB;. (40)

On solving the above system of equations we find

3 26+ 3
o= 4= 2977 41, Al=o0,
A= diro)y T T 1rey :
Bl—0, Bl=0, Bl=—2 _ p-_° (41)
3 ) 1 y 6 2(1+0_), 2 1+0’

where o = p'®/u is the ratio of the viscosities. On substituting these values in (38) and
(30) we obtain the desired solution as

20+ 3
(e) — _ -3u
? 21+0) %
3 20+3 _
(e) — -5 _ 3 U
T a1 +e)” T #ite) ] ¥
+ Vs 20%3 i qlus,, (42)

T4 +e) 41+o)
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; S50
() =
l1+o Uxs,
o % -9 . 9
uj 2+ 0) Uxyx; + i+ o) t e Us,,. (43)
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